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bstract

Nanoparticle production using microemulsion droplets has become a very interesting technique in the recent years. It allows a controlled
djustment of the particle size, which is an essential task due to the highly size-dependent properties of nanoparticles. For numerical investigations
f this configuration a population balance model (PBM) framework based on discrete coordinates has been derived. An appropriate reduction
oncept is applied to obtain an efficient numerical solution. Although the resulting zero-dimensional (spatially homogeneous) calculations show a
ualitatively good agreement with the experimental data for stoichiometric conditions, larger deviations have been observed for cases with a high
oncentration excess of one reactant inside the microemulsion droplets. Such deviations might result from the fact that the precipitation rate strongly
epends on the local supersaturation. High concentration differences, especially near the feed lead to large local variations of the supersaturation
rofile. Thus, computational fluid dynamics (CFD) simulations have been performed for a refined analysis. This has been managed by implementing
he reduced PBM model in the commercial CFD code FLUENT® 6.2 via user-defined scalars and functions. By this way, it becomes possible to

nvestigate the reaction process for various three-dimensional inhomogeneous hydrodynamic conditions with acceptable computational times. The
btained results are finally compared with the homogeneous calculation results and with the experiments. Moreover, local variations within the
eactor are also examined.

2007 Elsevier B.V. All rights reserved.
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. Introduction

The production of nanoparticles with well-defined properties
f the resulting particle size distribution (PSD) is a challenging
ask for current research. An exact size control is an important
ssue due to the strong size dependence of chemical and phys-
cal nanoparticle properties resulting from quantum effects [1].

strong influence on, e.g. melting point, fluorescence spec-
rum or chemical activity has been observed for a variety of

aterials when the particle size is below 100 nm. A promising

nd on laboratory scale well-established wet chemistry process,
hich allows an accurate size control during the production,

s the precipitation of nanoparticles inside the water droplets
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E-mail address: alper.oencuel@vst.uni-magdeburg.de (A.A. Öncül).
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f a microemulsion. Many different materials like semicon-
uctors, metals, metal oxides, borides, carbonates and sulfates
ave already been successfully produced by this method (see
verview by Niemann et al. [2]). An example for the quality of
he produced nanoparticles is given in Fig. 1a. The shown BaSO4
articles have a very narrow size distribution with a mean par-
icle diameter of approximately 6.5 nm. Adityawarman et al.
3] showed in their experimental study that the mean particle
iameter can be precisely adjusted between 6 and 35 nm by this
echnique.

The main reason for this excellent suitability of the
icroemulsion technique for the production of tailored nanopar-

icles is the adjustment of well-defined conditions for nucleation

nd growth by the limited amount of reactants inside the nano-
ized droplets. The primarily formed nuclei, which consist only
f a few molecules, are protected by the surrounding surfac-
ant monolayer against uncontrolled growth and agglomeration.

mailto:alper.oencuel@vst.uni-magdeburg.de
dx.doi.org/10.1016/j.cej.2007.07.073
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Nomenclature

cA concentration of reactant A (mol/l)
cB concentration of reactant B (mol/l)
cfeed reactant concentration in the feed (mol/l)
creactor reactant concentration inside the reactor (mol/l)
dD droplet diameter (nm)
dimp impeller diameter (cm)
d̄P mean particle diameter (nm)
f normalized droplet number distribution
fref reference droplet number distribution
kB Boltzmann constant (J/K)
kL solubility product (mol2/l2)
kV volume shape factor
keff

gro effective growth rate constant (nm/s)

keff
nuc effective nucleation rate constant ((m3 s)−1)

MM molecule allocation matrix for nucleation
MP molecular mass of the solid particle (g/mol)
NA number of dissolved Ba2+ ions (A) in one droplet
NAvogadro Avogadro’s number (mol−1)
NB number of dissolved SO4

2− ions (B) in one
droplet

Ncrit critical number of molecules needed to form a
stable nucleus

Nfeed total number of droplets fed per second (s−1)
Nl,max maximum number of dissolved reactant

molecules per droplet
NM total number of droplets in the reactor
NM,0 initial total number of droplets in the reactor
NP number of BaSO4 molecules per solid particle
N̄P mean number of BaSO4 molecules per solid par-

ticle
Nrps impeller stirring rate (s−1)
Ns total number of BaSO4 molecules in solid state
N0 total number of empty droplets
N total

A total number of dissolved Ba2+ ions (A) in the
system

N total
B total number of dissolved SO4

2− ions (B) in the
system

PA one-dimensional Poisson distribution for dis-
solved Ba2+ ions (A)

PB one-dimensional Poisson distribution for dis-
solved SO4

2− ions (B)
P2D two-dimensional probability density function dis-

tribution
P

eq
2D two-dimensional equilibrium distribution of the

reactants
Qc circulation capacity (m3/s)
rgro growth rate (nm/s)
rnuc nucleation rate ((m3 s)−1)
Re Reynolds number
S supersaturation
t time (s)
tfeed feeding time (s)

T temperature (K)
VD volume of one droplet (m3)
Vfeed volume of the feed (ml)
V̇feed feed rate (ml/min)
Vreactor volume of the reactor (ml)
VW volume of the water phase in the reactor (m3)

Greek symbols
αgro growth rate law exponent
αnuc nucleation rate law exponent
δ Dirac-delta function
λA mean droplet occupancy with Ba2+ ions (A)
λA,0,feed initial mean droplet occupancy in the feed with

Ba2+ ions (A)
λB mean droplet occupancy with SO4

2− ions (B)
λB,0 initial mean droplet occupancy in the reactor with

SO4
2− ions (B)

ρP particle density (kg/m3)
σeff effective interfacial surface tension (J/m2)
τ time scale (s)
ΨT growth rate coordinate transformation correlation

T
g
t
A
i

v
w
w
p
C
b
l
m
i
h
p
s
s
f
r
w
t
p
c

l
b
M
t
[

(nm−1)

hus, the formation of bigger particles by growth is completely
overned by the droplet exchange, which provides new reac-
ants in small amounts of a few molecules from other droplets.

schematic illustration of the particle formation mechanism for
onic reactants (salts) is given in Fig. 1b.

Process models for the microemulsion system are usually
ery complex due to the high number of distributed properties
hich result in multi-dimensional partial differential equations
ith integral terms. Solutions by discretization of deterministic
opulation balance models and simulations of stochastic Monte-
arlo models have been presented in literature (see overview
y Niemann et al. [2]). They show a good agreement between
aboratory-scale experiments and simulations for the ideally

ixed case. However, the computational demand is so high that
t is practically impossible to take into account inhomogeneous
ydrodynamic conditions. In order to analyse and improve the
rocess on a technical scale, it is nevertheless important to con-
ider real flow conditions, as obtained numerically by CFD. For
uch coupled studies reasonable model reductions have to be per-
ormed to decrease the computational effort. Therefore, a first
educed numerical model has been derived and implemented
ithin an industrial CFD code in a previous work [4]. This

ool has been used to investigate the stoichiometric reaction
rocess for three-dimensional inhomogeneous hydrodynamic
onditions with reasonable computation times.

Similar modelling studies for emulsions can be found in the
iterature. For instance, an emulsion polymerization process has

een modelled for batch as well as semi-batch systems in [5,6].
oreover, the application of a reduced model for an optimal con-

rol of population balances is presented in [7]. Vale and McKenna
8] investigated the coupling of the flow field simulation with
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Fig. 1. (a) BaSO4 nanoparticles produced by microemulsion precipitation (see
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Table 1
List of experiments used in this work

Case K2SO4, creactor (mol/l) BaCl2, cfeed (mol/l)

A 0.1 0.1
B1 0.1 0.05
B2 0.1 0.01
C
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All coordinates are discrete and therefore a very accurate mass
conservation is guaranteed. These three coordinates can be used
to model the process if the following assumptions are made:

Table 2
Parameters of the experiments

Droplet diameter, dD (nm) 5
Feed rate, V̇feed (ml/min) 35
etails in the next section). (b) Important population dynamic mechanisms for
he nanoparticle formation by precipitation of ionic reactants in microemulsion
ystems.

ompartments method for the modelling of an emulsion poly-
erization in batch and continuous reactors. Recently, Singh

nd Kumar [9] modelled a microemulsion nanoparticle precip-
tation and validated their simplified model with the results of
xact Monte-Carlo simulations.

. Experimental setup

Experimental results by Adityawarman et al. [3] are used for
he validation of the simulations. These authors investigated the
anoparticle precipitation of barium sulfate (BaSO4) according
o the following reaction scheme:

aCl2 + K2SO4 → BaSO4 ↓ + 2KCl. (1)

The two reactants BaCl2 and K2SO4 were separately dis-

olved inside the water droplets of two identically composed
icroemulsions (continuous oil phase: cyclohexane, non-ionic

echnical surfactant: Marlipal O13/40). The droplets are almost
onodisperse and their mean diameter is approximately 5 nm

F
T
V
V

1 0.05 0.1
2 0.01 0.1

3]. The precipitation experiments were performed in semi-batch
peration mode in a Rushton-type stirred tank reactor with a 6-
lade impeller rotating at 300 rpm in the clockwise direction
Re = 4500) and with 18 baffles [2,3]. The microemulsion con-
aining the dissolved K2SO4 was filled inside the reactor and the
econd microemulsion with the dissolved BaCl2 was added to
he reactor with a constant feed rate. The influence of the initial
oncentrations of the two reactants inside the droplets on the final
article size distribution has been analyzed in detail. Therefore
wo sets of experiments have been performed. Within the first
et the concentration of BaCl2 in the feed was reduced stepwise
rom 0.1 to 0.01 mol/l while the concentration of K2SO4 was
ept constant at 0.1 mol/l. In the second set the concentration of
aCl2 in the feed was kept constant at 0.1 mol/l and the concen-

ration of K2SO4 inside the reactor was reduced stepwise from
.1 to 0.01 mol/l. The exact parameters of the five experiments
nvestigated in this work are shown in Table 1.

As a result of these experiments the influence of the initial
oncentration difference	c(t = 0) = |creactor − cfeed| as a control
arameter for the final particle size is identified. It could be
hown that an increase of 	c(t = 0) leads to an increase of the
nal particle size. Detailed results are shown later on together
ith the comparison between experiments and simulations. A

ist of all important parameters used in the experiments is given
n Table 2.

. Numerical model

The dynamics of the nanoparticle precipitation inside
icroemulsion droplets are investigated according to three inter-

al coordinates (distributed properties) and the three external
oordinates (spatial position). The three internal coordinates are
he numbers of barium and sulfate ions (NA and NB) as well as
he number of BaSO4 molecules per particle in solid state NP.
eeding time, tfeed (s) 257.14
emperature, T (K) 298.15
olume of the microemulsion inside the reactor, Vreactor (ml) 150
olume of the microemulsion of the feed, Vfeed (ml) 150
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a) Monodisperse water volume of each droplet.
b) At maximum one particle per droplet.
c) No agglomeration and breakage of particles.

These assumptions are justified in the present case: the droplet
ize distribution of droplets without particles is almost monodis-
erse [3]; only less than 1% of the droplets contain one particle;
he nanoparticles observed on microscope pictures (see [3])
re no agglomerates or fragments of bigger particles. The first
ssumption is used as well for droplets with particles, since it
s assumed that the water content remains constant during the
xpansion of droplets resulting from particle growth.

A direct solution of the fully coupled six-dimensional
roblem is practically impossible with current computational
ossibilities and solution methods. The computational demand
or the solution of the three-dimensional PBM for the ideally
ixed case without external coordinates is already extremely

igh. Therefore, a careful model reduction of the population bal-
nce model has to be performed before the external coordinates
an be taken into account.

.1. Population balance and reaction kinetics

.1.1. Model reduction concept
The model reduction concept is based on reasonable assump-

ions concerning the distributed properties of the system, which
llow the representation of the three-dimensional reference
roplet number distribution fref(NA, NB, NP, t) by coupled bal-
nces with a lower dimension.

The first reduction step is obtained by a separation approach.
he distribution of the two dissolved reactants and the particle
ize distribution can be split into two separated distributions if
he redistribution of the reactants in the two daughter droplets
s independent of the existence and size of a particle inside
hese droplets. The resulting distributions are a two-dimensional
robability density function P2D and a one-dimensional number
ensity function f. Consequently, the reference number distribu-
ion fref can be calculated from

ref(NA, NB, NP, t) ≈ P2D(NA, NB, t) · f (NP, t). (2)

The computational demand needed for the solution of this
oupled system is still too high for an implementation within a
FD code solving complex, three-dimensional unsteady flows

10–12] and a further reduction of the model has to be performed.
In a second reduction step a quasi-steady-state hypothesis

s applied to the distribution of the dissolved reactants P2D.
y this procedure P2D is replaced by an analytically solvable
quilibrium distribution Peq

2D and Eq. (2) is simplified to

ref(NA, NB, NP, t) ≈ P
eq
2D(NA, NB, t) · f (NP, t) (3)

ith Peq
2D(NA, NB, t) = F (λA(t), λB(t)), where λA and λB are

btained from Eqs. (6) and (7).

The application of an equilibrium distribution leads to

he neglect of a slow-down effect resulting from the droplet
xchange dynamics. If all reactants inside one droplet are
epleted by nucleation and growth, further growth of this parti-
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le is only possible when a subsequent droplet exchange event
rovides new reactants from another droplet. The time period
etween depletion of reactants and a droplet exchange event is
eglected in this model. Therefore this slow-down effect has to
e considered by effective rate constants in the nucleation and
rowth rate approaches. These constants are determined by a
arameter optimization [13] and they are slowed down by a fac-
or of 10−3 to 10−7 compared to the corresponding rate constants
btained from bulk precipitation.

This second reduction step results in a significant decrease
f the simulation times from hours to a few seconds depending
n the processor speed and desired accuracy level [10,13]. Nev-
rtheless, for the coupling with a CFD code the computational
ffort is still extremely high.

In the third and last reduction step the droplet number distri-
ution f is replaced by two Dirac-delta functions. The first one
epresents all droplets without particle N0(t) and therefore it is
ocated at NP = 0. The second Dirac-delta function stands for
ll droplets with particle NM(t) − N0(t) and it is located at the
ean particle size represented by the mean number of molecules
ithin one particle N̄P. The approximation of fref is then given
y

fref(NA, NB, NP, t)

≈ P
eq
2D(NA, NB, t) ·

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

N0(t) · δ(NP, t)

if NP = 0

(NM(t) −N0(t)) · δ(NP − N̄P, t)

if NP ≥ Ncrit

.(4)

The total number of droplets without particle N0(t) and the
otal number of droplets NM(t) can be calculated by Eqs. (10)
nd (12) given in Section 3.1.3. Due to the loss of information
oncerning the PSD a small error has to be accepted in the solu-
ion of this model. The mean growth rate in Eq. (11) has to be
alculated from the mass averaged mean particle size and not
rom a size average (see Eqs. (14) and (15)). The mass averaged
article size predicts in our case a higher mean particle size and
herefore a higher growth rate. A significant effect on the final
esults of the presented simulations can be excluded due to the
ery narrow and mono-modal PSDs in this system which only
ead to a small difference between the two mean values.

In conclusion the highest error in the presented model reduc-
ion concept is reduction step from Eq. (2) to Eq. (3). The neglect
f the droplet exchange dynamics forces an alternative consid-
ration of the droplet exchange by effective rate constants in the
ucleation and growth rate approaches. Nevertheless, the qual-
tatively good fit obtained with this approach presented in [13]
ustifies the applicability of this reduction step.

.1.2. Determination of Peq
2D

The distribution of reactants inside the microemulsion
roplets has been investigated first by Atik and Thomas [14].

hey found out that a dissolved salt is distributed according

o a Poisson distribution. In a more recent study by Hatton et
l. [15] the interactions between the different dissolved ions
ere taken into account. They showed that the distribution of
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he reactants strongly depends on the redistribution during the
roplet exchange. Two limiting cases of the distribution can be
dentified: (i) the Poisson distribution for the case that repulsive
nd cooperative forces between the ions are almost the same
nd (ii) bimodal distributions with a lot of empty droplets in
he case of strong cooperative forces between the different ions.
he presented model approach allows the implementation of any
rbitrary probability density distribution. Studies according to
ifferent redistribution protocols which result in different reac-
ant distributions can be found, e.g. in [10,16,17]. In the present
tudy the focus lies on the coupling of the population balance
ith a complex flow structure. Therefore, only the limiting case
f equal repulsive and cooperative forces is being investigated.

For this limiting case P
eq
2D is calculated from two one-

imensional Poisson distributions PA and PB of both reactants
y

eq
2D(i, j, t) = PA(i, t) · PB(j, t) with i, j = 0 . . . Nl,max. (5)

The two one-dimensional Poisson distributions are calculated
y

A(i, t) = λA(t)i e−λA(t)/i! with λA(t) = N total
A (t)

NM(t)
(6)

nd

B(j, t) = λB(t)j e−λB(t)/j! with λB(t) = N total
B (t)

NM(t)
. (7)

Thus, only λA and λB have to be known for the determination
f Peq

2D. Both represent the mean occupancies of a droplet with
arium and sulfate ions, which are defined by the ratios of the
otal number of A or B ions and the total number of droplets in
he reactor. The total numbers of A and B ions are given by

total
A (t) = (NM(t) −NM,0) · λA,0,feed −Ns(t) (8)

total
B (t) = NM,0 · λB,0 −Ns(t) (9)

nd the total number of droplets NM(t) is calculated by Eq. (12).
M,0 is the initial number of droplets, λA,0,feed the initial mean
roplet occupancy with A ions in the feed, λB,0 the initial droplet
ccupancy with B ions inside the reactor and Ns(t) is the total
umber of BaSO4 molecules in solid state calculated by Eq.
11).

.1.3. Balance equations
To calculate the two Dirac-delta functions (Eq. (4)) in order
o close the reduced population balance model the balance equa-
ions for N0(t), Ns(t) and NM(t) have to be solved and the time
volution of N̄P has to be derived from these equations:

dN0(t)

dt
= −

Nl,max∑
i=Ncrit

Nl,max∑
j=Ncrit

P
eq
2D(i, j, t) · rnuc(i, j) · VW(t)

+Nfeed(t), (10)

3

s
w
e
T
f
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dNs(t)

dt
=

Nl,max∑
i=Ncrit

Nl,max∑
j=Ncrit

MM(i, j) · Peq
2D(i, j, t) · rnuc(i, j) · VW(t)

+
Nl,max∑
i=1

Nl,max∑
j=1

P
eq
2D(i, j, t) · rgro(i, j) · ΨT(t) · (NM(t)

−N0(t)) (11)

nd

dNM(t)

dt
= Nfeed(t), (12)

here Ncrit is the critical number of molecules needed to form
stable nucleus (defined by the modified Gibbs–Thomson rela-

ion, see Eq. (19)), Nl,max the maximum number of dissolved
ons of one kind inside a droplet, rnuc the nucleation rate,
W the water volume, Nfeed the feed rate of droplets, rgro the
rowth rate and ψT(t) is a transformation factor for the growth
ate (see Eq. (14)). The matrix MM correlates the ion com-
ination i,·j with the number of ions involved in the phase
ransition to solid state (example: five barium ions and seven
ulfate ions can only form a BaSO4 particle consisting of five
olecules → MM(5,7) = 5 = min(5,7)).
The mean number of BaSO4 molecules within one particle

eeded for the localization of the second Dirac-delta function in
q. (4) can be determined from all three balances by

¯ P(t) = Ns(t)

NM(t) −N0(t)
. (13)

The factorψT(t) in Eq. (11) transforms the generally used unit
or growth rates (m/s) in the unit used in the discrete balances
f our model framework ((number of molecules)/s). It is defined
s the first derivative of the mean number of molecules within
ne particle N̄P with respect to the mean particle diameter:

T(t) = dN̄P(d̄P(t))

dd̄P(t)
= d

dd̄P(t)

(
kV · ρP ·NAvogadro

MP
· d̄3

P(t)

)

= 3 · kV · ρP ·NAvogadro

MP
· d̄2

P(t) (14)

ith

¯ 3
P = MP

kV · ρP ·NAvogadro
· N̄P, (15)

here MP is the molar mass of BaSO4, kV the volume shape
actor, ρP the particle density and NAvogadro is the Avogadro’s
umber.

.1.4. Precipitation kinetics
Nucleation and growth rates strongly depend on the super-

aturation S within each droplet. For the microemulsion system

ith discrete coordinates individual supersaturation ratios for

ach droplet class depending on the ion combination are present.
hus nucleation and growth rates have as well individual values

or each droplet class. The supersaturation for each droplet class
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Table 3
Model parameters

Maximum number of dissolved ions per droplet, Nl,max 30
Droplet feed rate, Nfeed (×1017 s−1) 2.4
Initial number of droplets inside the reactor, NM,0 (×1019) 6.3
Molar mass of barium sulfate, MP (g/mol) 233.39
Density of barium sulfate, ρP (g/cm3) 4.48
Volume shape factor, kV π/6
Solubility product, k (×10−10 mol2/l2) 1.3
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s given by

(NA, NB) =
√
cA(NA) · cB(NB)

kL
=

√
NA ·NB

kL ·N2
Avogadro · V 2

D
(16)

ith VD being the droplet volume and kL the solubility product.
Special kinetic approaches for precipitation inside

icroemulsion droplets cannot be found in the literature.
n this study modified approaches from bulk precipitation
ere used to describe the particle formation dynamics. The
ucleation rate is related to the standard approach by Bałdyga
t al. [18] with αnuc = 15 for high supersaturation. It is given
y

nuc(NA, NB) = keff
nuc · (S(NA, NB) − 1)αnuc . (17)

The implemented growth rate:

gro(NA, NB) = keff
gro · (S(NA, NB) − 1)αgro (18)

is a modified standard bulk phase approach by Nielsen [19]
ith αgro = 2. The effective nucleation and growth rate constants

eff
nuc and keff

gro are estimated by a least square optimization algo-
ithm. The particle size distributions obtained with the model
epresented by Eq. (3) and the experimentally obtained particle
ize distributions are fitted simultaneously for 11 different exper-
ments (details about the parameter estimation can be found in
10,13]).

Another important parameter for the nucleation kinetics is
he critical number of molecules needed to form a stable nucleus

crit. The Gibbs–Thomson relation:

crit(NA, NB) = 32 · π ·M2
P

ρ2
P ·N2

Avogadro

· σ
3
eff

3
·

× (kB · T ln(S(NA, NB)))−3 (19)

s used to calculate Ncrit. This value depends on the supersat-

ration as well and is therefore also droplet-class specific. In
q. (19) σeff is the effective interfacial surface tension, kB the
oltzmann constant and T is the temperature. Niemann and
undmacher [13] showed that σeff is approximately 0.13 J/m2 in

M
i
u
o

Fig. 2. Geometry (left) and computational grid of the reac
L

ffective nucleation rate constant, keff
nuc (×1041 (m3 s)−1) 5.2

ffective growth rate constant, keff
gro (nm/s) 145.1

he investigated system. Consequently, the resulting Ncrit values
re between 8 and 9 according to the droplet class.

Table 3 contains all parameters used in the simulations.

.2. Numerical computations

The simplified PBM explained above has been first applied
or the homogeneous reaction process (zero-dimensional anal-
sis) before performing the inhomogeneous computations
three-dimensional analysis in space).

.2.1. Zero-dimensional analysis
The homogeneous case calculations as a function of only

ime have been performed by MATLAB® 7.0. The computation
t this stage takes less than a second when employing a sin-
le Pentium-IV Linux PC (2.7 GHz/2 GB memory). The results
btained from these time-dependent calculations are discussed
ater when compared with those obtained by experiments and
oupled CFD simulations.

.2.2. Three-dimensional CFD simulations
The geometry and the unstructured grid of the reactor used

n the experiments have been generated using MixSim® 2.0
nd are shown in Fig. 2. There are about 80,000 volume ele-
ents in the whole domain. This grid resolution has been

btained following the best practice guidelines proposed by

ixSim® and FLUENT® [20,21]. Although the operation is

n semi-batch mode (which means increasing fluid volume)
ntil the end of feeding, the influence of the volume change
n the flow field has not been modelled in order to sim-

tor (right) (complete dimensions are given in [2,3]).
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lify the computations. Instead, the total volume of the two
icroemulsions has been taken into account assuming a batch

ystem during the whole simulation. Otherwise, applying a
eforming dynamic mesh model for the changing liquid level
ould increase drastically the complexity and the comput-

ng time of the calculations. This is due to the fact that the
ow parameters should be extrapolated to the deformed and
ewly created volume elements, associated with the require-
ent to re-compute the full flow field after each time step.
evertheless, the injection process is fully taken into account

n the simulation during the feed time of 257.14 s. The feed-
ng point is identical with the experiments and can be seen in
ig. 7.

The three-dimensional, unsteady simulations have been per-
ormed with the industrial CFD code FLUENT® 6.2. Equations
nd source terms of the reaction kinetics and PBM have been
efined via external user-defined scalars (UDS) and functions
UDF). A two-stage calculation has been implemented. First,
he flow field has been simulated without the reaction pro-
ess until the unsteady hydrodynamic conditions have reached
constant limit cycle for one impeller rotation. Afterwards, the

eaction process has been simulated within Fluent by switch-
ng off the flow and the turbulence models (i.e. using the
rozen-flow conditions corresponding to the limit cycle), while
ctivating chemical reactions. By this way, the computations
an be considerably accelerated. The computing times are about
4 h for the first stage and 6 up to 32 h for the second stage
depending on the simulated process duration), employing the
ame standard PC mentioned previously. This two-stage cal-
ulation method has already been applied for other processes
for example for crystallization reactors [22,23]) and found
o be accurate (good agreement with experimental data) and
omputationally very efficient (low computing time). As an
lternative, performing directly the calculation in a fully cou-
led manner (i.e. simultaneously solving for flow, turbulence
nd chemical reactions in time) results in a drastically higher
omputational effort. For example, to compute 30 s in real
ime for the process, the simulation relying on frozen flow
onditions (two-stage calculation) takes about 21 min, while
he corresponding fully coupled simulation (single-stage cal-
ulation) requires slightly less than 60 days. Both calculations
ead to almost identical results in the present configuration
4].

Two numerical approaches have been employed in order to
imulate the motion of the impeller. The so-called multiple ref-
rence frames (MRF) model has initially been applied, yielding
first estimation of the flow for steady-state conditions. The

btained MRF-solution has been used as an initial guess for a
urther, unsteady simulation applying the more realistic sliding
esh model (SMM). Unlike the MRF model [24], the SMM

s capable of taking into account the impeller-baffle coupling
ffects, since the time-dependent location of the impeller is
aken into consideration [25–28]. Therefore the sliding mesh

echnique delivers more reliable results for an unsteady cal-
ulation. However, initializing the SMM-simulation using the
RF-results reduces the total computational time considerably

29], compared to a direct SMM-simulation. The computing

t
s
s
I

ng Journal 138 (2008) 498–509

imes for the MRF- and SMM-simulations are roughly 3 h
nd 21 h, respectively, until the cyclic unsteady flow field (i.e.
he right flow periodicity) has been obtained. For these flow
eld simulations a second order discretization has been used in
pace and a second order implicit time formulation has been
hosen for the unsteady solution of the SMM [21]. Iterations
ave been stopped when residuals fall below 10−4 for conti-
uity and below 10−3 for the other parameters in each time
tep.

The standard k–ε approach has been used as turbulence model
ince this model is known to supply a reasonable accuracy and
hort computing times for such baffled tanks in which no strong,
wirling flow occurs [30,31].

. Results and discussion

.1. Validation of the reduced model

The reduced PBM has been validated using the available
xperimental results. Fig. 3 shows the comparison for parti-
le size distributions obtained by numerical and experimental
esults for the different conditions (see Table 1). Here it is
orth keeping in mind that the reduced model yields only

he mean particle size instead of a complete distribution func-
ion. As can be seen from these comparisons an acceptable
greement has been achieved with the reduced model, although
arger deviations are observed for cases with a high concen-
ration excess of one of the microemulsions. This validation
rocedure, carried out for spatially homogeneous conditions
zero-dimensional computation in physical space) forms the
asis of the further three-dimensional, inhomogeneous CFD
omputations.

.2. Results of CFD simulations

Time-periodic flow conditions have been achieved after
oughly 100 full rotations of the impeller (corresponding to
0 s physical time) during the unsteady flow field simulation
mploying SMM.

The evolution of the mean number of dissolved Ba2+ and
O4

2− ions per droplet (λBa, i.e. λA and λSO4 , i.e. λB, respec-
ively) and the mean particle diameter (d̄P) with respect to time
ccording to the three-dimensional (3D) second-stage simula-
ions (including only the inhomogeneous precipitation on top
f the frozen flow) are represented in Figs. 4–6 in compari-
on with the results of the zero-dimensional (0D) analysis in
pace. Here it is worth stating that each 3D result is an over-
ll mass-averaged value in the whole reactor. Referring to these
omparisons, it can be concluded that an almost homogeneous
eaction process is observed in the reactor except for Case A,
here a noticeable discrepancy is observed compared to the
D results (relative reduction of the mean, final particle size
y 14.1%). This is actually not unexpected since Case A leads

o the highest supersaturation ratio in this work. Higher super-
aturation ratio leads to a faster reaction, which means greater
ensitivity of the process to local hydrodynamic conditions.
n other words, the mixing mechanism becomes more impor-
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Fig. 3. Validation of the reduced model with experimental data for Cases A (a), B1 (b), B2 (c), C1 (d) and C2 (e).

Fig. 4. 0D and 3D calculation results of Case A in comparison.
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Fig. 5. 0D and 3D calculation results of C

ant for the precipitation process, since the reaction time scale
ecreases with increasing supersaturation ratio while the mix-
ng time scale remains unchanged. This situation can be better
nderstood when reaction and macromixing (i.e. reactor-scale

ixing) time scales are compared. The reaction time scale, τR,

or Case A is about 400 s whereas it is around 2000 s for Cases
2 and C2 (see again Figs. 4–6). On the other hand, the mixing

ime scale, τM, is the same for all cases and can be calcu-

w

Q

Fig. 6. 0D and 3D calculation results of Cases
B1 (top) and B2 (bottom) in comparison.

ated by the following formula for Rushton turbine impellers
18]:

M = Vreactor (20)

Qc

ith

c = 1.5Nrpsd
3
imp, (21)

C1 (top) and C2 (bottom) in comparison.
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here Qc is the circulation capacity, Nrps the stirring rate and
imp is the impeller diameter, here equal to 3 cm. Accord-
ng to Eqs. (20) and (21), the value of τM varies between
.74 and 1.48 s since the reactor volume, Vreactor, continu-
usly increases until the end of feeding. As a consequence,
R � τM in all cases (well-mixed conditions), but the case
ith the lowest τR value (Case A) is roughly five times
ore sensitive to mixing conditions compared to Cases B2

nd C2. Consequently, almost no deviation between the
esults of 0D and 3D simulations is observed in Cases B2
nd C2 due to the corresponding, low supersaturation lev-
ls (the lowest in this study) and therefore long reaction
ime scales. Finally, Cases B1 and C1 are associated with a
isible but very low difference between 0D and 3D simula-
ions.

In addition to these averaged profiles, various local pro-
les inside the reactor have also been investigated for a better
nderstanding of the mixing conditions. This has been car-
ied out by examining the profiles at six chosen locations,
hown in Fig. 7. As can be seen from this sketch, the odd
umbered points and the even numbered points are positioned
ymmetrically to each other with respect to the reactor axis.
3 represents the feed exit location whereas P1 and P5 are
laced close to the impeller blades and to the fluid top level,
espectively. The local λBa, λSO4 , and d̄P profiles are examined
t these locations for two extreme cases: Case A (for which
he effect of hydrodynamic conditions are maximum because
f the highest supersaturation ratio) and Case B2 (for which
he mixing should have a minimum influence on the reaction
ue to the lowest supersaturation level). Corresponding time-
ependent results are given in Figs. 8 and 9. According to
hese figures, higher local deviations from the reactor mean
re observed in Case A, as expected. The largest local dis-
repancies in both cases belong obviously to the feeding exit

oint (P3), due to the continuously injected fresh reactant that
auses a locally varying supersaturation profile. Moreover, the
5 profiles show also a non-negligible deviation in Case A,
hich is due to a flow recirculation vortex transporting the fed

ig. 7. Positions of the six points at which the local profiles are observed (note
hat the colours are identical with those used for the profiles).

Fig. 8. Local profiles in comparison with reactor mean (thick line) for Case A.
Feeding is completed at time t = 257.14 s.

d
t
a
(
b
s
a
r

roplets of concentrated reactant from the feed point directly
o this region within a short time. However, all local discrep-
ncies disappear very rapidly after the feeding is completed
t = 257.14 s). This confirms that the mixing conditions induced
y the impeller are strong enough to homogenize the emulsion
ystem in a very short time. All locations other than P3 and P5
re always almost identical to the mean conditions within the

eactor.
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optimization: a population balance perspective, J. Process Control 16
ig. 9. Local profiles in comparison with reactor mean (thick line) for Case B2.
eeding is completed at time t = 257.14 s.

. Conclusion

The aim of this work was to develop a simplified, zero-
imensional (homogeneous) PBM describing the precipitation
f BaSO4 in a microemulsion droplet population and to imple-
ent this model for the three-dimensional, real case analysis of
he reaction process in a semi-batch reactor. The PBM is based
n a two-dimensional Poisson distribution for the dissolved Ba2+

nd SO4
2− ions and on a simplified representation of the droplet

umber distribution by two Dirac-delta functions.
ng Journal 138 (2008) 498–509

Although the obtained results of zero-dimensional computa-
ions for stoichiometric cases have shown a good agreement with
he experimental data, bigger deviations have been observed for
ases with a high concentration excess of one of the microemul-
ions. Nevertheless, the reduced model has been validated up to
n acceptable degree with the help of experimental data via this
nitial analysis.

In the second step, inhomogeneous simulations in space have
een performed for a more realistic investigation by embed-
ing the reduced PBM formulation within an industrial CFD
ode. The results of these three-dimensional CFD computations
how an almost homogeneous reaction process within the reac-
or, which leads to the conclusion that the mixing quality is high.
oticeable discrepancies compared to zero-dimensional compu-

ations have been observed only in the stoichiometric case, for
hich the supersaturation ratio is highest. Furthermore, local
eviations from the reactor mean can only be identified in the
icinity of the feeding location. This means that the deviations
btained with the simplified PBM model far from stoichiometry
o not result from a coupling with hydrodynamics.

Nevertheless, the resulting coupled PBM/CFD simulation
ool is extremely useful. Acceptable computing times have been
btained by using the flow field results based on a MRF approach
s an initial guess for the more accurate calculations employ-
ng SMM. Furthermore, the reaction is solved as a final step
n top of the frozen, cyclic flow condition. By this way, it
s possible to investigate the reaction process for any kind of
hree-dimensional inhomogeneous hydrodynamic conditions.
his situation offers excellent opportunities for reactor opti-
ization as a further step, by trying to use hydrodynamics in
controlled manner in order to improve process quality, for

xample to obtain smaller particles.
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